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We introduce a system with one or two amplified nonlinear sites (“hot spots”, HSs) embedded
into a two-dimensional linear lossy lattice. The system describes an array of evanescently coupled
optical or plasmonic waveguides, with gain applied to selected HS cores. The subject of the analysis
is discrete solitons pinned to the HSs. The shape of the localized modes is found in quasi-analytical
and numerical forms, using a truncated lattice for the analytical consideration. Stability eigenvalues
are computed numerically, and the results are supplemented by direct numerical simulations. In the
case of self-focusing nonlinearity, the modes pinned to a single HS are stable and unstable when the
nonlinearity includes the cubic loss and gain, respectively. If the nonlinearity is self-defocusing, the
unsaturated cubic gain acting at the HS supports stable modes in a small parametric area, while
weak cubic loss gives rise to a bistability of the discrete solitons. Symmetric and antisymmetric
modes pinned to a symmetric set of two HSs are considered as well.
I. INTRODUCTION
Modes of fundamental significance to nonlinear op-
tics [1, 2] and plasmonics [3–12] are dissipative spatial
solitons that result from the simultaneous balance among
diffraction, self-focusing nonlinearity, loss, and compen-
sating gain. Stability is a crucially important issue in the
theoretical analysis of dissipative solitons. An obvious
necessary condition for the stability of localized modes is
the stability of the zero background around them. The
basic complex Ginzburg-Landau (CGL) equation, which
includes the bandwidth-limited linear gain and nonlin-
ear loss acting on a single field, is unable to produce
stable dissipative solitons, since the action of the linear
gain on the zero background makes it unstable. On the
other hand, dissipative solitons can be fully stabilized in
systems of linearly coupled CGL equations [13, 14] mod-
eling dual-core waveguides, with the linear gain and loss
acting in different cores [11, 15–19], including the PT -
symmetric version of the system that features the bal-
ance between the gain and loss [20, 21]. Stable solitons
can also be generated by a single CGL equation with cu-
bic gain “sandwiched” between linear and quintic losses,
which may be realized in optics as a combination of linear
amplification and power-dependent absorption [22–32].
Another method for creating stable localized modes
makes use of linear gain applied at a “hot spot” (HS,
i.e. a localized amplifying region embedded into an or-
dinary lossy waveguide [33–35] or a Bragg grating [36]).
Models with multiple HSs [37–40, 42], and similar ex-
tended amplifying structures [45, 46], have been studied
as well. HSs can be built by implanting gain-producing
dopants into a narrow segment of the waveguide [47],
or, alternatively, by focusing an external pump beam at
the designated position of the HS in a uniformly-doped
waveguide. In addition to models with the localized di-
rect (phase-insensitive) gain, systems including the local-
ization of parametric gain was developed as well [48].
Dissipative solitons can be stably pinned to the HS
due to the balance between the local gain and uniform
loss in the bulk waveguide. For narrow HSs modeled
by the delta-functional distribution of the gain, solutions
for the pinned dissipative solitons are available in ana-
lytical form [33, 37, 42]. Furthermore, models with mu-
tually balanced gain and loss applied in the form of δ-
functions at separated points [43], or at a single location,
in the form of a gain-loss dipole described by the deriva-
tive of the δ-function [44], make it possible to find solu-
tion for PT -symmetric solitons pinned to these points.
Other one- and two-dimensional (1D and 2D) HS-pinned
modes, including stable vortices fed by the gain confined
to an annular-shaped area [49–53], can be found numer-
ically [34, 35, 38–40].
While dissipative solitons in uniform media are al-
ways unstable against the blowup in the absence of the
higher-order (quintic) nonlinear losses [41, 54], it is wor-
thy to note a counter-intuitive result [35] demonstrat-
ing that stable dissipative localized modes in uniform
linearly-lossy media may be supported by unsaturated lo-
calized cubic gain alone. Stable dissipative solitons were
also predicted in a setting that combines the uniformly-
distributed linear gain in the D-dimensional space and
nonlinear loss growing from the center to periphery faster
than rD, where r is the radial coordinate [55].
The class of models with the localized gain includes
lattice systems. In Ref. [56], the 1D model was intro-
duced for a linear lossy lattice with a single or two am-
plified (active) sites embedded into it, which represent
the HSs in the discrete setting. It was assumed that the
2nonlinearity was carried solely by the same active sites.
This system, which may be considered as a variety of
discrete CGL equations [57–67], can be implemented in
the experiment using arrays of optical waveguides [68] or
arrayed plasmonic waveguides [69–71]. In particular, it
suggests possibilities for selective excitation of particular
core(s) in the arrayed waveguides, if the system is uni-
formly doped, but only the selected cores are pumped by
an external laser beam. In Ref. [56], discrete solitons
pinned to the HS in the lattice system were found in an
analytical form, similar to the soliton solutions available
in the discrete linear Schro¨dinger equation with embed-
ded nonlinear elements [72–74], and the stability of the
localized models was investigated by means of numerical
methods.
The present work aims to extend the analysis for the
2D lattice system, with one or two active nonlinear sites
embedded into the linear lossy bulk lattice. The experi-
mental realization of such a 2D medium is also possible in
nonlinear optics, using waveguiding arrays permanently
written in bulk silica [75, 76]. An essential distinction
from the 1D counterpart [56] mentioned above is that
2D localized lattice modes cannot be found analytically,
even if only a single nonlinear site is embedded into the
linear matrix. Nevertheless, we demonstrate that semi-
analytical solutions can be obtained for truncated (finite-
size) lattices.
The paper is organized as follows. The discrete
2D CGL equation is introduced in Sec. II. Section III
presents semi-analytical results for the truncated lattices.
Results of the linear-stability analysis for the HS-pinned
lattice solitons against small perturbations are reported
in Sec. IV. In Sec. V we extend the stability analysis,
considering the crucially important issue of the onset of
the zero-solution instability. A brief consideration of the
double-HS system is presented in Sec. VI. The paper is
concluded by Sec. VII.
II. THE MODEL
As said above, we consider the 2D generalization of the
1D lattice model introduced in Ref. [56]:
dum,n
dz
=
i
2
(um−1,n + um+1,n + um,n−1 + um,n+1 − 4um,n)
−γum,n +
[
(Γ1 + iΓ2) + (iB − E) |um,n|
2
]
δm,0δn,0um,n ,
(1)
where m,n = 0, ±1, ±2, ... are discrete coordinates
on the lattice, δm,0 and δn,0 are the Kronecker’s sym-
bols, and the coefficient of the linear coupling between
adjacent cores is scaled to unity. Further, γ > 0 is the
linear loss in the bulk lattice, Γ1 > 0 and Γ2 account
for the linear gain and linear potential applied at the HS
site (m = n = 0), while B and E account for the Kerr
nonlinearity and nonlinear loss/gain (for E > 0/E < 0)
acting at the HS.
In optics, the 2D discrete equation, as well as its 1D
counterpart, can be derived by means of well-known
methods [57–68, 77]. In the application to 2D arrays
of plasmonic waveguides, which can be built as a set
of metallic nanowires embedded into a bulk dielectric
[69–71], Eq. (1) can be derived in the adiabatic ap-
proximation, with the exciton field eliminated in favor
of the photonic one. It is relevant to mention that the
well-known staggering transformation [68], um,n(t) ≡
(−1)
m+n
e−4itu˜∗m,n, where the asterisk stands for the
complex conjugate, simultaneously reverses the signs of
Γ2 and B, thus rendering the self-focusing and defocus-
ing signs of the nonlinearity, which correspond to B > 0
and B < 0, respectively, mutually convertible. This cir-
cumstance is essential, in particular, for modeling arrays
of plasmonic waveguides, where the intrinsic excitonic
nonlinearity is always self-repulsive. Below, we fix the
signs of Γ2 and B by setting Γ2 > 0, i.e. the correspond-
ing linear potential at the HS is attractive, while B may
be positive (self-focusing), negative (self-defocusing), or
zero. Unless B = 0, this coefficient is normalized to be
B = ±1. These two cases are considered separately be-
low, along with the case of B = 0, when the nonlinearity
is represented solely by the cubic dissipation localized at
the HS.
III. THE ANALYSIS FOR THE TRUNCATED
LATTICE
We seek solutions to Eq. (1) for stationary localized
modes with real propagation constant k as
um,n(z) = Um,ne
ikz ≡ (Pm,n + iQm,n) e
ikz . (2)
Outside of the HS site, m = n = 0, Eq. (1) gives rise to
the linear stationary equation,
2 (k + 2− iγ)Um,n = Um−1,n+Um+1,n+Um,n−1+Um,n+1,
(3)
which, unlike its 1D counterpart (cf. Ref. [56]), does not
admit exact analytical solutions. An approximate solu-
tion can be constructed on a truncated lattice. The sim-
plest version of the truncation is shown in Fig. 1, where
four independent amplitudes obeying Eq. (3) are defined:
U0 (at the center), U1 (in the first rhombic layer sur-
rounding the center), and U2,3 (two independent ampli-
tudes in the second rhombic layer). The amplitudes in all
other layers are neglected: U4,5,... = 0. At (m,n) 6= (0, 0),
the so truncated Eq. (3) yields:
U3 = U1/ (2K) , U2 = U1/K, U1 = 2KU0/
(
4K2 − 5
)
,
(4)
where central amplitude U0 is defined to be real, and the
complex coefficient is
K ≡ 2 + k − iγ. (5)
The remaining nonlinear equation (1) at the HS site,
m = n = 0, reduces to a complex equation relating real
3m = 0
n = 0
U0 U1
U2
U3
FIG. 1. (Color online) The sketch of the truncated square
lattice, which consists of 13 sites. The real amplitude, U0
(black), and three complex ones, U1 (blue circles), U2 (green
circles), and U3 (red circles) are defined here as well.
TABLE I. Numerical solutions for different versions of the
truncated lattice at B = 1, E = 0.1, γ = 0.5, and Γ2 = 0.8.
Γ1 = 0.8574 Γ1 = 0.7861
Number of rhombic layers k U0 k U0
2 2.2926 1.8020 1.4005 1.5107
3 2.2870 1.8002 1.3633 1.4962
4 2.2866 1.8000 1.3580 1.4942
peak intensity U20 and propagation constant k:
iK
(
4K2 − 9
)
/
(
4K2 − 5
)
− (Γ1 + iΓ2) = (iB − E)U
2
0 ,
(6)
which can be solved numerically. Subsequently, the am-
plitudes in the surrounding layers are obtained from
Eq. (4).
The accuracy of the truncated-lattice analysis can be
improved by including more rhombic layers in the cal-
culation. Although the respective version of Eqs. (4)
and (6) become more complicated, they are still easy
to solve numerically. Table I shows numerically found
U0 and k for the different truncation settings at two dif-
ferent sets of parameters. Naturally, convergence of the
solutions for the localized modes is observed with the
increase of the number of the rhombic layers.
IV. THE LINEAR-STABILITY ANALYSIS
The stability of the pinned modes found as outlined
above was studied by means of the linearization proce-
dure [78]. To this end, perturbed solutions were taken
as
um,n = [Um,n + ǫVm,n(z)] e
ikz , (7)
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FIG. 2. Left: An example of the stable mode in the form
of (2) with peak amplitude U0,0 = 1.8 and propagation con-
stant k = 2.2865. Parameters are B = 1, E = 0.1, γ = 0.5,
Γ1 = 0.8574, and Γ2 = 0.8. Right: The eigenvalue spectrum
associated with the linearized system (8). All eigenvalues have
non-positive real parts.
where Vm,n(z) = Xm,n(z)+ iYm,n(z) is a complex-valued
perturbation with infinitesimal amplitude ǫ. Substituting
this, along with Um,n split into the real and imaginary
parts as per Eq. (3), into Eq. (1) results in a linear
system that governs the evolution of perturbations Xm,n
and Ym,n:
dXm,n
dz
= −
1
2
(Ym−1,n + Ym+1,n + Ym,n−1 + Ym,n+1 − 4Ym,n)
+kYm,n − γXm,n + δm,0δn,0 {(Γ1Xm,n − Γ2Ym,n)
−B
[
2Pm,nQm,nXm,n +
(
P 2m,n + 3Q
2
m,n
)
Ym,n
]
− E
[(
3P 2m,n +Q
2
m,n
)
Xm,n + 2Pm,nQm,nYm,n
]}
,
dYm,n
dz
=
1
2
(Xm−1,n +Xm+1,n +Xm,n−1 +Xm,n+1 − 4Xm,n)
−kXm,n − γYm,n + δm,0δn,0 {(Γ2Xm,n + Γ1Ym,n)
−B
[(
3P 2m,n +Q
2
m,n
)
Xm,n + 2Pm,nQm,nYm,n
]
− E
[
2Pm,nQm,nXm,n +
(
P 2m,n + 3Q
2
m,n
)
Ym,n
]}
.(8)
The eigenvalue problem is obtained by substituting
Xm,n = φm,n exp(λz) and Ym,n = ψm,n exp(λz) in Eqs.
(8), the underlying stationary mode um,n(z) being lin-
early stable if all eigenvalues λ have Re(λ) ≤ 0. For the
use in the stability analysis, modal amplitudes Um,n were
found numerically by solving the full system obtained
from Eq. (1) by the substitution of expression (2), rather
than from the truncated-lattice approximation, although
the difference is very small. The numerical solution was
carried out with periodic boundary conditions, imposed
onto a domain of a size which was much larger than the
width of any soliton considered below.
Figure 2 shows a typical stable mode and its stability-
eigenvalue spectrum. The mode is peaked at the HS and
symmetric about it (the shape of this mode and its prop-
agation constant are very close to their counterparts pro-
duced by the truncated-lattice approximation).
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FIG. 3. (Color online) Solution branches for different values of
cubic dissipation E in the self-focusing regime, B = +1. Here
and in similar figures below, stable and unstable branches are
denoted by blue solid and red dotted lines, respectively. Other
parameters are γ = 0.5 and Γ2 = 0.8.
A. The self-focusing nonlinearity: B = +1
To develop the systematic analysis, we first address
the stability of pinned modes in the self-focusing regime
(B = 1). Figure 3 shows solution branches as functions
of the localized linear gain Γ1 at different values of the
cubic dissipation E. Stable solution branches can only
be found at E > 0, i.e. in the presence of the cubic loss.
For instance, at E = 0.1 the pinned modes with peak
amplitudes U0.0 > 1.277 are linearly stable, and unsta-
ble at U0,0 < 1.277. Naturally, the stable and unstable
modes belong to portions of the branches where the am-
plitude is, respectively, a growing or decreasing function
of Γ1. The transition between the curves which contain
the unstable segment and do not contain it, happens, in
the case displayed in Fig. 3, at E = Ecr ≈ 0.18.
For the parameters considered here, stable and unsta-
ble solutions exist at Γ1 ≥ 0.7675 , while at Γ1 < 0.7675
any initial excitation decays into the zero solution, as
there is not enough energy input to support nontrivial
modes. Figure 4 shows some typical examples of such
stable and unstable solutions. The stability is greatly
enhanced by increasing the magnitude of the cubic loss,
E. At E = 1, all the pinned modes are stable, even at
very large values of Γ1. On the other hand, in the ab-
sence of the cubic dissipation (E = 0), or in the presence
of the cubic gain (E < 0), all the modes are unstable.
These unstable modes have essentially the same profile
as in Fig. 4, therefore they are not shown here.
Figure 3 shows that all the solution branches emerge
from the critical value of the linear gain, Γ1 ≈ 1.152,
which is explained below. Furthermore, the unstable
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FIG. 4. Top: An unstable pinned mode with peak amplitude
U0,0 = 1.194 and propagation constant k = 0.6548 at Γ1 =
0.771 (left), and its eigenvalue spectrum (right). Bottom: A
stable pinned mode with U0,0 = 1.494 and k = 1.3576 at
Γ1 = 0.7861 and its eigenvalue spectrum. Other parameters
are B = 1, E = 0.1, γ = 0.5, and Γ2 = 0.8.
branch corresponding to E = 0 approaches a vertical
asymptote at Γ1 = 0.5, near which the peak amplitude
increases drastically. Finally, Fig. 5 shows typical evo-
lution of peak amplitudes of the unstable modes corre-
sponding to different values of E, as obtained from full
simulations of Eqs. (1). In the case of E > 0, the cu-
bic loss stabilizes the system, and therefore the unstable
mode evolves into a stable one existing at the same Γ1, see
Fig. 3. However, at E ≤ 0 (the cubic gain, or zero loss),
unstable modes quickly blow up, as there are no stable
branches that might serve as attractors in this case.
B. The self-defocusing nonlinearity: B = −1
Figure 6 shows solution branches in the self-defocusing
regime, with B = −1. In the presence of a small cubic
loss, the solution branch exhibits a bistability for a certain
range of values of linear gain Γ1. For instance, atE = 0.1,
stable solutions with different amplitudes coexist in the
region of 1.152 ≤ Γ1 ≤ 1.319. The two stable branches
are connected by an unstable one, whose modal profile
and stability spectrum are similar to those found in the
self-focusing case, see the top panel in Fig. 4, therefore
they are not displayed here. An example of the bistability
is shown in Fig. 7. Naturally, the mode with the smaller
peak amplitude is broader. When E increases, the unsta-
ble branch eventually gets stabilized by the strong cubic
loss and disappears from the bifurcation diagram, which
happens, in the case shown in Fig. 7, at E = Ecr ≈ 0.58.
At E > Ecr, all solutions are stable, and the bistability
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FIG. 5. The evolution of amplitudes of unstable modes at
E = 0.1, E = −0.1, and E = 0, respectively. Γ1 is chosen
such that the peak amplitudes of the respective stationary
solutions are U0,0 ≈ 1.1. Other parameters are B = 1, γ =
0.5, and Γ2 = 0.8.
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FIG. 6. (Color online) Solution branches for various values
of the cubic dissipation, E > 0, or cubic gain, E < 0, in the
self-defocusing regime, with B = −1. Other parameters are
γ = 0.5 and Γ2 = 0.8.
does not take place.
A remarkable finding is that the self-defocusing gives
rise to stable modes even in the absence of the cubic loss,
and in the presence of weak cubic gain (E ≤ 0). For small
values of the cubic gain, bistability similar to that pre-
sented in Fig. 8 is observed. When the cubic gain grows
(i.e. E is getting more negative), the stable branch with
the larger peak amplitude disappears. All the solutions
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FIG. 7. Bistable solutions with amplitudes 1.04 (top) and
2.75 (bottom). Both solutions are obtained with Γ1 = 1.268,
B = −1, E = 0.1, γ = 0.5, and Γ2 = 0.8.
become unstable at still larger strengths of the cubic gain.
Figure 9 shows typical examples of the evolution of the
peak amplitudes of unstable modes corresponding to dif-
ferent values of E, as produced by simulations of Eq. (1).
In the case of E > 0, the initial unstable mode evolves
into the closest stable one available at the same value of
Γ1. As concerns unstable modes found at E < 0, they
blow up rather than evolve into stable modes, if the latter
ones exist in the case under consideration.
C. The case of B = 0
Finally, we address the stability of the pinned modes
in the case of B = 0, when the nonlinearity is accounted
for solely by the cubic loss or gain. Figure 10 shows the
stability of solution branches in this situation. In partic-
ular, the solutions are always unstable in the presence of
the cubic gain (E < 0), and always stable in the pres-
ence of the cubic loss (E > 0). If the cubic dissipation
vanishes as well, i.e. E = 0, Eq. (1) becomes linear, ad-
mitting a single stable solution at a specific value of the
HS gain, which is Γ1 = 1.152 for the chosen parameters,
that provides for the compensation of the background
loss. This solution obviously has an arbitrary amplitude,
which explains why the corresponding branch is vertical
in Fig. 10. Further, Fig. 11 shows examples of stable and
unstable modes and their (in)stability spectra. Unstable
modes in the case of B = 0 case evolve into the zero so-
lution rather than blowing up, in spite of the action of
the local cubic gain, in that case.
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FIG. 8. (Color online) Bistable solutions with amplitudes
U0,0 = 0.2 (top) and 1.1 (bottom), respectively. Both solu-
tions are obtained with Γ1 = 1.159, B = −1, E = −0.01,
γ = 0.5, and Γ2 = 0.8.
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FIG. 9. (Color online) The evolution of amplitudes of unsta-
ble modes for E = 0.1, E = −0.1, and E = 0, respectively. Γ1
is chosen such that the initial peak amplitude is U0,0 = 1.25.
Other parameters are B = −1, γ = 0.5, and Γ2 = 0.8.
V. ONSET OF INSTABILITY OF THE ZERO
SOLUTION
In this section we again address the linearized version
of Eq. (1), setting B = E = 0, and study the stabil-
ity of the zero solution around the hot spot, which is an
obvious condition necessary for the background stabil-
ity of pinned modes in the nonlinear system. The onset
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FIG. 10. (Color online) Solution branches for different values
of cubic dissipation/gain E in the case of B = 0. Other
parameters are γ = 0.5 and Γ2 = 0.8.
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FIG. 11. Solutions with peak amplitude U0,0 = 2 at different
values of Γ1 and E (left) and their stability spectra (right).
Top: (Γ1, E) = (0.7521,−0.1). Middle: (Γ1, E) = (1.1521, 0).
Bottom: (Γ1, E) = (1.5521, 0.1). Other parameters are B =
0, γ = 0.5, and Γ2 = 0.8.
of the background instability exactly corresponds to the
existence of the above-mentioned pinned-mode solution
to the linearized equation, which implies the equilibrium
between the bulk loss (∼ γ) and local gain (∼ Γ1), in
the presence of the HS’s attractive potential (∼ Γ2). Un-
like the 1D counterpart of the present model [56], for
the 2D lattice this solution of the linear equation cannot
7TABLE II. Critical values of Γ1 for the onset of the back-
ground instability in different truncated lattices, at γ = 0.5
and Γ2 = 0.8.
Number of rhombic layers Γ1
2 1.4756
3 1.0078
4 1.0955
5 1.1886
6 1.1411
be found in an analytical form. However, the truncated-
lattice approximation presented above in Sec. III provides
an efficient way to study the onset of the background in-
stability. In particular, the onset is determined by the
critical value of Γ1 that makes Eq. (6) with B = E = 0
solvable. These values, found for different truncated con-
figurations, are summarized in Table II. As the number of
the rhombic layers included in the calculations increases,
the critical value of Γ1 slowly converges to the above-
mentioned numerically found value, Γ1 ≈ 1.152, from
which the solution branches emanate in Figs. 3, 6, and
10.
VI. DUAL HOT SPOTS: SYMMETRIC AND
ANTISYMMETRIC MODES
Finally, we briefly consider pinned modes in the lat-
tice with two identical HSs. The truncated-lattice ap-
proximation was first used to derive simplified equations
like Eq. (6) to describe this configuration. To illus-
trate the situation, we here place two HSs at n = 0
and m = ±1. Pinned modes supported by the dual HS
can be naturally classified as symmetric, antisymmetric,
and asymmetric (provided that the latter species exists)
[72–74]. While amplitudes of the solutions at the two
HSs may be assumed real without the loss of general-
ity, the symmetric and antisymmetric modes are those
with U−1,0 = U1,0 and U−1,0 = −U1,0, respectively. The
simplest truncated-lattice approximations, with a single
rhombic layer surrounding the two HSs, are shown in
Fig. 12. For the symmetric mode (the top panel), a cal-
culation similar to that presented in Sec. III yields equa-
tion
i
(
16K4 − 40K2 + 9
)
4K (4K2 − 5)
− (Γ1 + iΓ2) = (iB − E)U
2
1 , (9)
with K given by Eq. (5), whereas the antisymmetric
mode (the bottom panel) gives
i
(
4K2 − 3
)
4K
− (Γ1 + iΓ2) = (iB − E)U
2
1 . (10)
Table III presents numerically found values of the prop-
agation constant, k, and HS amplitude, U1, for both the
m = 0
n = 0U0U1 U1
U2
U2
U4 U4
U4 U4
U3U3
U5
U5
m = 0
n = 0U1 U1U2 U2
U3
U3
U3
U3
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- - 
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FIG. 12. (Color online) The sketch of the truncated lattice
containing the dual HSs with the single rhombic layer for
symmetric (top) and antisymmetric (bottom) modes. Here
U1 denotes the real amplitude (real) at the HSs. In the anti-
symmetric mode, the amplitudes vanish at m = 0. For both
models, the amplitudes at peripheral sites (green circles) are
set to be zero.
TABLE III. Numerical solutions for the dual-HS modes in
different truncated lattices, at B = 1, E = 0.1, and γ = 0.5.
For the symmetric modes, Γ1 = 1.5445 and Γ2 = −4.2224.
For the antisymmetric ones, Γ1 = 0.8484 and Γ2 = 0.8.
Symmetric Antisymmetric
Number of rhombic layers k U1 k U1
1 -3.4439 1.8903 2.2535 1.811
2 -3.6721 1.8114 2.2271 1.8009
symmetric and antisymmetric modes. Figure 13 shows
that stable pinned modes, both symmetric or antisym-
metric, can be supported by the dual HS. Peak ampli-
tudes of these modes (see the figure caption) are in good
agreement with the prediction of the truncated-lattice
approximation.
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FIG. 13. (Color online) Top: A stable symmetric mode (left)
with peak amplitude 1.80 and k = −3.5445 at Γ1 = 1.5445
and Γ2 = −4.2224, and its eigenvalue spectrum (right).
Bottom: The same for a stable antisymmetric mode with
peak amplitude 1.8344 and k = 2.2243 at Γ1 = 0.8484 and
Γ2 = 0.8. Other parameters are B = 1, E = 0.1, and γ = 0.5.
The two HSs are placed at n = 0 and m = ±1.
VII. CONCLUSIONS
We have introduced the 2D discrete dynamical system
based on the bulk linear lossy lattice, into which one
or two nonlinear sites with the linear gain (HSs, “hot
spots”) are embedded. The system can be implemented
in the form of an array of optical or plasmonic waveg-
uides, admitting, in particular, selective excitation of in-
dividual cores, by the local application of the external
pump to the uniformly doped array. The analysis of
localized modes pinned to the HSs was developed both
semi-analytically (using truncated lattices) and numer-
ically. It has been found that, in the case of the self-
focusing nonlinearity at the single HS, the pinned modes
are stable (unstable) when the nonlinearity acting at the
HS contains the cubic loss (gain). On the other hand, it is
worthwhile to note that, in the case of the self-defocusing
nonlinearity, the HS with an unsaturated cubic gain sup-
ports stable modes, in a rather small parameter region,
and bistability occurs in the case of weak cubic loss. Sym-
metric and antisymmetric modes pinned to dual HSs were
also discussed briefly.
A challenging issue for the subsequent analysis is the
possibility of the existence of asymmetric modes sup-
ported by the symmetric dual HSs. On the other hand,
a natural extension maybe to embed one or two HSs into
a nonlinear lossy lattice.
VIII. ACKNOWLEDGEMENT
Partial financial supported has been provided by the
Hong Kong Research Grants Council through General
Research Fund contract HKU 711713E.
[1] N. N. Rosanov, Spatial Hysteresis and Optical Patterns
(Springer: Berlin, 2002).
[2] Tlidi M, Mandel P. 2004 Transverse dynamics in cavity
nonlinear optics (2000-2003). J. Opt. B 6, R60-R75. (doi:
10.1088/1464-4266/6/9/R02)
[3] N. Lazarides and G. P. Tsironis, Phys. Rev. E 71, 036614
(2005)
[4] Feigenbaum E. & Orenstein M. 2007 Optics Letters. 32,
674-676.
[5] I. R. Gabitov, A. O. Korotkevich, A. I. Maimistov, and
J. B. Mcmahon, Appl. Phys. A 89, 277 (2007)
[6] A. R. Davoyan, I. V. Shadrivov, and Y. S. Kivshar, Opt.
Exp. 17, 21732 (2009)
[7] K. Y. Bliokh, Y. P. Bliokh, and A. Ferrando, Phys. Rev.
A 79, 041803 (2009)
[8] E. V. Kazantseva and A. I. Maimistov, ibid. 79, 033812
(2009)
[9] Y.-Y. Lin, R.-K. Lee, and Y. S. Kivshar, Opt. Lett. 34,
2982 (2009)
[10] A. Marini and D. V. Skryabin, ibid. 81, 033850 (2010).
[11] Marini, A., Skryabin, D. V., & and Malomed, B. A.
2011 Stable spatial plasmon solitons in a dielectric-metal-
dielectric geometry with gain and loss. Optics Express 19,
6616-6622.
[12] Kim, S., Jim, J. H., Kim, Y. J., Park, I. Y., Kim, Y., &
Kim, S. W. 2008 High-harmonic generation by resonant
plasmon field enhancement. Nature 453, 757-760.
[13] Kutz, J. N. & Sanstede, B. 2008 Theory of passive har-
monic mode-locking using waveguide arrays. Optics Ex-
press 16, 636-650.
[14] Williams, M. O. & Kutz, J. N. 2009 Spatial mode-locking
of light bullets in planar waveguide arrays. Optics Express
17, 18320-18329.
[15] Malomed, B. A. & Winful, H. G. 1996 Stable solitons in
two-component active systems. Phys. Rev. E 53, 5365-
5368.
[16] Atai, J. & Malomed, B. A. 1996 Stability and interactions
of solitons in two-component active systems. Phys. Rev.
E 54, 4371-4374.
[17] Sakaguchi, H. & Malomed, B. A. 2000 Breathing and ran-
domly walking pulses in a semilinear Ginzburg-Landau
system. Physica D 147, 273-282.
[18] Paulau, P. V., Gomila, D., Colet, P., Loiko, N. A.,
Rosanov, N. N., Ackemann, T., & Firth, W. J. 2010 Vor-
tex solitons in lasers with feedback. Optics Express 18,
8859-8866.
[19] Malomed, B. A. 2007 Solitary pulses in linearly coupled
Ginzburg-Landau equations. Chaos 17, 037117.
9[20] Driben, R. & Malomed, B. A. 2011 Stability of solitons
in parity-time- symmetric couplers. Opt. Lett. 36, 4323-
4325.
[21] Alexeeva, N. V., Barashenkov, I. V., Sukhorukov, A. A.,
& Kivshar, Y. S. 2012 Optical solitons in PT-symmetric
nonlinear couplers with gain and loss. Phys. Rev. A 85,
063837.
[22] Malomed, B. A. 1987 Evolution of nonsoliton and
“quasi-classical” wavetrains in nonlinear Schro¨dinger and
Korteweg-de Vries equations with dissipative perturba-
tions. Physica D 29, 155-172.
[23] van Saarloos, W. & Hohenberg, P. 1990 Pulses and fronts
in the complex Ginzburg-Landau equation near a subcrit-
ical bifurcation. Phys. Rev. Lett. 64, 749-752
[24] Hakim, V., Jakobsen, P., & Pomeau, Y. 1990 Fronts vs.
solitary waves in nonequilibrium systems. Europhys. Lett.
11, 19
[25] Malomed, B. A. & Nepomnyashchy, A. A. 1990 Kinks
and solitons in the generalized Ginzburg-Landau equa-
tion. Phys. Rev. A 42, 6009-6014.
[26] Marcq, P., Chate´, H., & Conte, R. 1994 Exact solutions
of the one-dimensional quintic complex Ginzburg-Landau
equation. Physica D 73, 305-317.
[27] Kapitula, T. & Sandstede, B. 1998 nstability mech-
anism for bright solitary-wave solutions to the cubic-
quintic Ginzburg-Landau equation. J. Opt. Soc. Am. B,
15, 2757-2762.
[28] Akhmediev, N. N., Afanasjev, V. V., Soto-Crespo, J.
M., & Wabnitz, S. 1997 Multisoliton Solutions of the
Complex Ginzburg-Landau Equation. Phys. Rev. Lett.
79, 4047-4051.
[29] Komarov, A., Leblond, H., & Sanchez, F. 2005 Quin-
tic complex Ginzburg-Landau model for ring fiber lasers.
Phys. Rev. E 72, 025604(R).
[30] Kutz, J. N. 2006 Mode-locked soliton lasers. SIAM Rev.
48, 629-678.
[31] Renninger, W., Chong, A., & Wise, F. 2008 Dissipative
solitons in normal-dispersion fiber lasers. Phys. Rev. A
77, 023814.
[32] Ding, E. & Kutz, J. N. 2009 Operating regimes, split-step
modeling, and the Haus master mode-locking model. J.
Opt. Soc. Am. B 26, 2290-2300.
[33] Lam, C. K., Malomed, B. A., Chow, K. W., & Wai, P.
K. A. 2009 Spatial solitons supported by localized gain
in nonlinear optical waveguides. Eur. Phys. J. Special
Topics 173, 233-243.
[34] Kartashov, Y. V., Konotop, V. V., & Vysloukh, V. V.
2010 Dissipative surface solitons in periodic structures.
EPL 91, 340003.
[35] Borovkova, O. V., Lobanov, V. E., & Malomed, B. A.
2012 Stable nonlinear amplification of solitons without
gain saturation. EPL 97, 44003.
[36] Mak, W. C. K., Malomed, B. A., & Chu, P. L. 2003
Interaction of a soliton with a localized gain in a fiber
Bragg grating. Phys. Rev. E 67, 026608.
[37] Tsang, C. H., Malomed, B. A., Lam, C. K., & Chow, K.
W. 2010 Solitons pinned to hot spots. Eur. Phys. J. D
59, 81-89.
[38] Zezyulin, D. A., Kartashov, Y. V., & Konotop, V. V.
2011 Solitons in a medium with linear dissipation and
localized gain. Opt. Lett. 36, 1200-1202.
[39] Kartashov, Y. V., Konotop, V. V., & Vysloukh, V.
V. 2011 Symmetry breaking and multipeaked solitons
in inhomogeneous gain landscapes. Phys. Rev. A 83,
041806(R).
[40] Zezyulin, D. A., Konotop, V. V., & Alfimov, G. L. 2010
Dissipative double-well potential: Nonlinear stationary
and pulsating modes. Phys. Rev. E 82, 056213.
[41] Scho¨pf, W. & Kramer, L. 1991 Small-amplitude periodic
and chaotic solutions of the complex Ginzburg-Landau
equation for a subcritical bifurcation. Phys. Rev. Lett.
66, 2316-2319.
[42] Tsang, C. H., Malomed, B. A., & Chow, K. W. 2011 Mul-
tistable dissipative structures pinned to dual hot spots.
Phys. Rev. E 84, 066609.
[43] Cartarius, H., Haag, D., Dast, D., & Wunner, G.
2012 Nonlinear Schro¨dinger equation for a PT-symmetric
delta-function double well. J. Phys. A: Math. Theor. 45,
444008.
[44] Mayteevarunyoo, T., Malomed, B. A., & Reoksabutr, A.
2013 Solvable model for solitons pinned to a parity-time-
symmetric dipole. Phys. Rev. E 88, 022919.
[45] Zezyulin, D. A., Alfimov, G. L., & Konotop, V. V. 2010
Nonlinear modes in a complex parabolic potential. Phys.
Rev. A 81, 013606.
[46] Abdullaev, F. K., Konotop, V. V., Salerno, M., & Yulin,
A. V. 2010 Dissipative periodic waves, solitons, and
breathers of the nonlinear Schro¨dinger equation with
complex potentials. Phys. Rev. E 82, 056606.
[47] Hukriede, J., Runde, D., & Kip, D. 2003 Fabrication
and application of holographic Bragg gratings in lithium
niobate channel waveguides. J. Phys. D: Appl. Phys. 36,
R1.
[48] Ye, F., Huang, C., Kartashov, Y. V., & Malomed, B.
A. 2013 Solitons supported by localized parametric gain.
Opt. Lett. 38, 480-482.
[49] Skarka, V., Aleksic´, N. B., Leblond, H., Malomed, B. A.,
& Mihalache, D. 2010 Varieties of Stable Vortical Soli-
tons in Ginzburg-Landau Media with Radially Inhomo-
geneous Losses. Phys. Rev. Lett. 105, 213901.
[50] Lobanov, V. E., Kartashov, Y. V., Vysloukh, V. A.,
& Torner, L. 2011 Stable radially symmetric and az-
imuthally modulated vortex solitons supported by local-
ized gain. Opt. Lett. 36, 85-87.
[51] Borovkova, O. V., Lobanov. V. E., Kartashov, Y. V., &
Torner, L. 2011 Rotating vortex solitons supported by
localized gain. Opt. Lett. 36, 1936-1938.
[52] Borovkova, O. V., Kartashov, Y. V., Lobanov. V. E.,
Vysloukh, V. A., & Torner, L. 2011 Vortex twins and
anti-twins supported by multiring gain landscapes. Opt.
Lett. 36, 3783-3785.
[53] Huang, C., Ye, F., Malomed, B. A., Kartashov, Y. V.,
& Chen, X. 2013 Solitary vortices supported by localized
parametric gain. Opt. Lett. 38, 2177-2180.
[54] Kapitula, T., Kutz, J. N., & Sandstede, B. 2002 Stability
of pulses in the master mode-locking equation. J. Opt.
Soc. Am. B 19, 740-746.
[55] Borovkova, O. V., Kartashov, Y. V., Vysloukh, V. A.,
Lobanov, V. E., Malomed, B. A., & Torner, L. 2012
Solitons supported by spatially inhomogeneous nonlinear
losses. Optics Express 20, 2657-2667.
[56] Malomed, B. A., Ding, E., Chow, K. W., & Lai, S. K.
2012 Pinned modes in lossy lattices with local gain and
nonlinearity. Phys. Rev. E 86, 036608.
[57] Efremidis, N. K. and Christodoulides, D. N. 2003
Discrete Ginzburg-Landau solitons. Phys. Rev. E 67,
026606.
10
[58] Maruno, K., Ankiewicz, A., & Akhmediev, N. 2003 Exact
localized and periodic solutions of the discrete complex
Ginzburg-Landau equation. Opt. Commun. 221, 199-209.
[59] Maruno, K., Ankiewicz, A., & Akhmediev, N. 2005 Dis-
sipative solitons of the discrete complex cubic-quintic
Ginzburg-Landau equation. Phys. Lett. A 347, 231-240.
[60] Mohamadou, A., Jiotsa, A. K., & Kofane, T. C. 2005
Modulational instability and unstable patterns in the dis-
crete complex cubic Ginzburg-Landau equation with first
and second neighbor couplings. Phys. Rev. E 72, 036220.
[61] Dai, C. & Zhang, J. 2006 Exact solutions of discrete com-
plex cubic-quintic Ginzburg-Landau equation with non-
local quintic term. Opt. Commun. 263, 309-316.
[62] Efremidis, N. K., Christodoulides, D. N., & Hizanidis,
K. 2007 Two-dimensional discrete Ginzburg-Landau soli-
tons. Phys. Rev. A 76, 043839.
[63] Karachalios, N. I., Nistazakis, H. E., and Yannacopou-
los, A. N. 2007 Asymptotic behavior of solutions of com-
plex discrete evolution equations: The discrete Ginzburg-
Landau equation. Discrete. Contin. Dyn. Syst. 19, 711-
736.
[64] Mihalache, D., Mazilu, D., & Lederer, F. 2009 Spa-
tiotemporal discrete Ginzburg-Landau solitons in two-
dimensional photonic lattices. Eur. Phys. J. Special Top-
ics 173, 255-266.
[65] Kenig, E., Malomed, B. A., Cross, M. C., & Lifshitz, R.
2009 Intrinsic localized modes in parametrically driven
arrays of nonlinear resonators. Phys. Rev. E 80, 046202.
[66] Mejia-Cortes, C., Soto-Crespo, J. M., Molina, M. I., &
Vicencio, R. A. 2010 Dissipative vortex solitons in two-
dimensional lattices. Phys. Rev. A 82, 063818.
[67] Mejia-Cortes, C., Soto-Crespo, J. M., Vicencio, R. A.,
& Molina, M. I. 2011 Vortex solitons of the discrete
Ginzburg-Landau equation. Phys. Rev. A 83, 043837.
[68] Lederer, F., Stegeman, G. I., Christodoulides, D. N., As-
santo, G., Segev, M., & Silberberg, Y. 2008 Discrete soli-
tons in optics. Phys. Rep. 436, 1-126.
[69] Christ, A., Tikhodeev, S. G., Gippius, N. A., Kuhl, J., &
Giessen, H. 2003 Waveguide-plasmon polaritons: Strong
coupling of photonic and electronic resonances in a metal-
lic photonic crystal slab. Phys. Rev. Lett. 91, 183901.
[70] Christ, A., Zentgraf, T., Kuhl, J., Tikhodeev, S. G., Gip-
pius, N. A., & Giessen, H. 2004 Optical properties of pla-
nar metallic photonic crystal structures: Experiment and
theory. Phys. Rev. B 70, 125113.
[71] Bian, Y. S., Zheng, Z., Zhao, X., Su, Y. L., Liu, L., Liu,
J. S., Zhu, J. S., & Zhou, T. 2012 Guiding of Long-range
hybrid plasmon polariton in a coupled nanowire array
at deep-subwavelength scale. IEEE Phot. Tech. Lett. 24,
1279-1281.
[72] Molina, M. I. & Tsironis, G. 1993 Nonlinear impurities
in a linear chain. Phys. Rev. B 47, 15330-15333.
[73] Gupta, B. C. & Kundu, K. 1997 Formation of stationary
localized states due to nonlinear impurities using the dis-
crete nonlinear Schro¨dinger equation. Phys. Rev. B 55,
894-905.
[74] Brazhnyi, V. A. & Malomed, B. A. 2011 Spontaneous
symmetry breaking in Schro¨dinger lattices with two non-
linear sites. Phys. Rev. A 83, 053844.
[75] Szameit, A., Burghoff, J., Pertsch, T., Nolte, S.,
Tu¨nnermann, A., & Lederer, F. 2006 Two-dimensional
soliton in cubic fs laser written waveguide arrays in fused
silica. Optics Express 14, 6055-6062.
[76] Minardi, S., Eilenberger, F., Kartashov, Y. V., Szameit,
A., Ro¨pke, U., Kobelke, J., Schuster, K., Bartelt, H.,
Nolte, S., Torner, L., Lederer, F., Tu¨nnermann, A., &
Pertsch, T. 2010 Three-Dimensional Light Bullets in Ar-
rays of Waveguides. Phys. Rev. Lett. 105, 263901.
[77] Christodoulides, D. N. & Joseph, R. I. 1988 Discrete self-
focusing in nonlinear arrays of coupled waveguides. Opt.
Lett. 13, 794-796.
[78] Farnum, E. D. & Kutz, J. N. 2008 Multifrequency mode-
locked lasers. J. Opt. Soc. Am. B 25, 1002-1010.
